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Abstract

An accurate wide band cumulative absorption coefficient distribution, g(k), model for thermal radiative transfer in gaseous media
containing H2O and CO2 is presented. Assuming that the convoluted g(k) function for gas mixture retains the same functional form
as the individual gases, the model treats overlapping bands as a ‘‘single”, complex band with scaled parameters. Corresponding scaling
algorithms are proposed for specific overlapping regions. Predictions of the mixture g(k) function and the band absorptance are in good
agreement with the line-by-line calculation over a wide range of temperatures from 500 to 2500 K, and pressures up to 10.0 atm. The g(k)
model is generally more accurate than the exponential wide band model, and provides comparable accuracy to the statistical narrow-
band model in predicting the total emissivity along an isothermal and homogeneous gas column under typical combustion conditions.
In addition, this approach significantly enhances the computational efficiency.
� 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

Development of accurate and efficient models for radia-
tive transport in gaseous media is essential in many heat
transfer calculations. The cumulative k-distribution, g(k),
model has proven to be a powerful method to model radia-
tive heat transfer in non-gray media. The g(k) method for-
mulates radiative properties in terms of the reordered
absorption coefficient rather than the spectrally averaged
transmissivity or the entire rotational–vibrational band
absorptance, thus the method can be directly implemented
into radiative transfer equation (RTE) solvers. By sorting
the absorption coefficient field into a smooth, monoto-
nously increasing function, the integration over wavenum-
ber is transformed into the integration over the cumulative
distribution function which requires only few monochromic
quadrature points. The approach significantly reduces the
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computing time yet retains high accuracy, and can be used
in highly non-homogeneous media [1–3], in the presence of
scattering particles [2,4], and in arbitrary enclosures.

Most narrow band k-distribution methods employ the
analytical cumulative distribution function derived by
Lacis and Oinas [2] based upon the Malkmus model, with
band parameters obtained from the EM2C database by
Soufiani and Taine [5]. Liu et al. [6] indicate that the statis-
tical narrow-band correlated-k model (SNBCK) represents
an alternative approach to implement the statistical nar-
row-band model (SNB). With a commonly used ‘‘7-point
Gauss–Lobatto” quadrature scheme, the SNBCK model
yields comparable accuracy to the original SNB model.
Unfortunately, almost all the narrow band k-distribution
models share the drawback of having to numerically invert
the cumulative distribution function to obtain the absorp-
tion coefficient which consumes a significant portion of the
total computing time. In order to eliminate this computa-
tionally expensive procedure, Liu and Smallwood [7]
develop an approach to precalculate the absorption
coefficients of real gases and fit the resultant absorption
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Nomenclature

A band absorptance, cm�1

B pressure broadening parameter (line overlap
parameter)

f distribution function; or blackbody fractional
function

g cumulative absorption coefficient distribution
function

k absorption coefficient, cm�1

P partial or total pressure, atm
s ratio between the line intensity and the line spac-

ing, m2/g
T temperature, K
u absorber amount
x independent variable; or density fraction

Greek symbols

a integrated band intensity, cm�1 m2/g
x bandwidth parameter, cm�1

q density, g/m3

s optical thickness
g wavenumber, cm�1

e emissivity

Subscripts

0 band center or band head
H2O, CO2 water vapor, carbon dioxide
h, c water vapor, carbon dioxide
i summation parameter
low lower limit
up upper limit
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coefficients as a polynomial function of temperature for a
chosen quadrature scheme and spectral band structure.
However, the applicable range of this approach is limited
to low concentrations of radiating gases (typical mole frac-
tions in combustion environment or below) and relatively
high temperatures. Other deficiencies, such as the loss in
accuracy and sacrifice in flexibility, have also been indi-
cated by the authors.

Denison and Webb [8,9] and Modest et al. [10,11] pro-
pose full-spectrum cumulative k-distribution functions
(FSK) readily used in engineering calculations for H2O
and CO2. All are calculated from high resolution spectro-
scopic databases, such as HITRAN [12], HITEMP [13],
and CDSD-1000 for CO2 [14,15]. Mixture k-distributions
can then be obtained from those for individual gases by
various algorithms [16] – convolution, superposition, mul-
tiplication, and the hybrid approach combing superposi-
tion and multiplication, based upon different assumptions
on the spectral lines of absorbing species. The formulations
of superposition and multiplication are also described by
Gerstell [17] in terms of the cumulative optical thickness
distribution. Recently, Modest and Riazzi [18] develop a
systematic ‘‘quasi-convolution” algorithm to assemble
full-spectrum k-distributions of a gas mixture from
narrow-band k-distributions precalculated for individual
species, and accommodate non-gray particle absorption
as well as non-gray scattering and non-gray walls. Conse-
quently, a high-accuracy, compact database of narrow-
band k-distributions for H2O and CO2 has been
constructed by Wang and Modest [19], extracted from
the latest high resolution spectroscopic databases [13–15].
The accuracy and efficiency of this FSK method rely on a
fast access to data files and complex interpolation between
precalculated states.
The g(k) method can also be applied in a wide band
regime, provided that the scattering properties and the
Planck function may be taken to be constants [1]. However,
several deficiencies exist in current wide band k-distribu-
tion models. The models by Wang and Shi [20], Lee et al.
[21], Parthasarathy et al. [22], and Denison and Fiveland
[23] have limiting assumptions for overlapping absorption,
and the wide band cumulative distribution functions use
the band parameters originally developed for the wide
band absorptance to estimate the absorption coefficient
distribution function. Thus they introduce further approx-
imations and sources of inaccuracy as compared to the
associated band model.

The development for a simple yet accurate, fundamen-
tally justified methodology to determine the cumulative
k-distribution function based upon the line-by-line calcula-
tions is warranted. Marin and Buckius propose a simplified
wide band g(k) model for H2O [24] and CO2 [25] which
explicitly expresses the absorption coefficient in terms of
the cumulative distribution function. They also indicate
that the appropriate band parameters are dependent on
the particular benchmark results used, and a different data-
base would yield a slightly different parameter set [26]. The
previous parameters presented in Refs. [24,25] are based
upon the HITEMP database [13] for temperatures up to
1000 K, and the EM2C narrow band database [5] above
1000 K. In a very recent study [27], HITEMP is extended
to use for temperatures up to 2500 K for H2O, and the
CDSD-1000 database [14,15] is employed for CO2 which
is found more accurate than HITEMP [11,14]. Accurate
and computationally efficient polynomial series are evalu-
ated for the three wide band parameters as a function of
gas temperature. The improved model shows good agree-
ment in predicting the g(k) function, and provides excellent
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results on the band absorptance, for all single bands of
H2O and CO2 when compared to benchmark calculations.

In the present study, the wide band g(k) model is applied
to gas mixtures containing both H2O and CO2. The convo-
lution theorem on a narrow or wide band basis is the exact
method to predict overlapping properties of a gas mixture.
Based upon the analytical behavior of the convolution inte-
gral for approximate cumulative distribution functions, the
convoluted g(k) function for gas mixture is assumed to
retain the same functional form as the individual gases.
This assumption provides a model that treats overlapping
bands as a ‘‘single”, complex band with scaled parameters.
Wide band scaling equations are developed from basic nar-
row band models. An enhanced interpolated model is also
proposed for the 2.7 lm overlapping band due to the
unique characteristic of g-distributions in this particular
region. To show the accuracy of the proposed model, root
mean errors of the mixture g(k) function, overlapping band
absorptance and the total emissivity are presented over a
broad range of conditions. The g(k) model is generally
more accurate than the exponential wide band model,
and achieves comparable accuracy to the statistical nar-
row-band model in typical combustion environment. In
addition, there are significant computational savings. The
new parameters developed at ambient pressure [27] can
be used accurately in this overlapping model for gas mix-
tures up to 10.0 atm. Relatively large errors occur in some
limiting conditions which are either rare in practical appli-
cations or unimportant to combustion problems.

2. Theoretical consideration

2.1. Infrared spectrum

When two or more gases absorb in the same spectral
interval, the contribution of band absorption from all radi-
ating species must be included. Fig. 1 illustrates the spectral
variation of absorption coefficients for H2O and CO2

across the infrared spectrum. Locations of all the impor-
tant vibrational–rotational bands are also indicated. Note
that there are regions in the spectra with significant absorp-
tion from both H2O and CO2. In this study, the entire spec-
trum (10–8000 cm�1) is divided into five regions according
to the spectral limits of participating H2O bands specified
in Ref. [27].1 The regions are the rotational overlapping
region, the 6.3 lm non-overlapping region, the 2.7 lm
overlapping region, the 1.87 lm overlapping region, and
the 1.38 lm pure H2O region. The present model treats
the 6.3 lm region as non-overlapping composed by three
distinct, separate bands since the overlap between the
6.3 lm H2O band and the 9.4 lm and 4.3 lm CO2 bands
occurs in H2O band wings. The boundaries for the defined
regions are maintained constant in all conditions. This
1 Comparing with the original divisions in Refs. [24,25], the only change
is made to the lower limit of the pure rotational H2O band, which is
extended from 150 cm�1 to 10 cm�1.
procedure permits the determination of effective absorption
coefficient distribution functions within a specific interval.

2.2. Convolution theorem

The accuracy and computational efficiency of g(k) meth-
ods depend on the treatment of overlapping bands. The
most commonly accepted approach for overlapping bands
is to use the multiplication property of spectrally averaged
transmissivity, assuming that the absorption coefficients of
participating species are statistically uncorrelated [1,2]. By
incorporating the multiplication property directly into the
correlated-k method, Goody et al. [1] first derive a convo-
lution integral for the cumulative distribution function of a
mixture in terms of distribution functions for the individual
gases. However, this approach introduces an optical thick-
ness distribution rather than the absorption coefficient
distribution. The paradox is resolved by Zhu [28], who
explicitly shows that the convolution theorem for the k-dis-
tribution directly results from the multiplication property
of band transmission, and the correct convolution formula
provides an efficient and accurate method to calculate the
composite k-distribution of gas mixtures. The conclusion
is further verified by Modest and Riazzi [18]. Through
mathematical manipulation on the multiplication equation
of spectral transmissivities, they are able to present a single
mixture cumulative k-distribution formulation combining
individual g(k) functions. They also show that the convolu-
tion integration on a narrow-band basis results in small
errors compared with direct calculations from the mixture
absorption coefficient, and the correlation can be readily
extended from a binary mixture to mixtures of arbitrary
species.

By comparing the convolution theorem expressed in dif-
ferent forms [18,28,29], a general convolution integral for
the mixture g(k) function is written as

gðkÞ ¼
Z g2ðkÞ

0

g1

k � x
u1=u2

� �
dg2ðxÞ

¼
Z k

0

g1

k � x
u1=u2

� �
f2ðxÞdx ð1Þ

where giðkÞ ¼
R k

0
fiðxÞdx. ui is defined as the absorber

amount [2,28] for species i, given by the optical thickness
over the absorption coefficient, si/ki. ui can be either geo-
metric pathlength (cm), density pathlength (g/m2), or pres-
sure pathlength (atm�1 cm�1) depending on the units of the
absorption coefficient.

2.3. Convolution integral analysis

There is no general analytical solution to the convolu-
tion integral. Therefore it must be evaluated by either
approximation or numerical integration. One possible sim-
plification is the so-called ‘principal absorber’ method pro-
posed by Gerstell [17], assuming that the absorption
coefficient is a constant step function for one species of
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Fig. 1. Absorption coefficient vs. wavenumber for H2O (extracted from HITEMP database [13]) and CO2 (extracted from CDSD-1000 database [14,15]) at
partial pressures of 0.1 atm and T = 2000 K across the infrared spectrum, averaged over a spectral interval equal to 10.0 cm�1. The total pressure is
1.0 atm. Locations for all single H2O and CO2 bands are indicated in unit of lm. The entire spectrum is divided into five regions, (10, 1000), (1000, 2600),
(2600, 4400), (4400, 6000) and (6000, 8000) cm�1, according to the spectral limits of participating H2O bands specified in Ref. [27].
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the mixture. The resulting cumulative distribution function
is equal to that of the other gas shifted by this constant in
the absorption coefficient. Although this method greatly
simplifies the convolution evaluation, it does not represent
gas absorption accurately except in liming ranges of mixing
ratios.

For overlapping lines of different gases, the volumetric
absorption coefficient is generally used, corresponding to
the geometric pathlength. In this case, the convolution inte-
gral of Eq. (1) reduces to

gðkÞ ¼
Z g2ðkÞ

0

g1ðk � xÞdg2ðxÞ ¼
Z k

0

g1ðk � xÞf2ðxÞdx ð2Þ

In order to analyze the convolution behavior, approximate
cumulative distribution functions are substituted into Eq.
(2) and then integrated numerically. Fig. 2a and b present
the convoluted function resulting from two logarithmic dis-
tributions. Individual functions for g1 and g2 in Fig. 2a are
similar to each other, and the convoluted function, g(k), is
no longer logarithmic. However, when g1 is displaced to
much smaller k regions, thus becoming widely separated
from g2 in Fig. 2b, the resulting function coincides with
the original function located in the large k regions, g2(k).
This suggests that the convoluted distribution is always
dominated by the distribution function with large k values
regardless of its functional dependence. The same calcula-
tion is performed for two cosinoidal distribution functions,
and results are illustrated in Fig. 2c. Unlike the example in
Fig. 2a, the resulting function, g(k), now retains the same
functional dependence with deferring slopes. And, as the
previous example, g(k) is shifted towards larger k regions.
Fig. 2d presents a special case in which one of the individ-
ual distributions has the Heaviside step function. In this
case, the convoluted function is the same as the other dis-
tribution with the entire curve shifted towards larger values
of k by a constant amount equal to the location of the step.

The fundamental assumption in this wide band g(k)
model is that the convoluted distribution function for a
gas mixture retains the same functional form as the individ-
ual gases. It is concluded from the above examples that this
is not accurate for all distributions (Fig. 2a). However, it is
valid under some circumstances (Fig. 2c) and in a few lim-
iting cases (Fig. 2d). In some other conditions (Fig. 2b), the
assumption is reasonable. Based upon this assumption, the
model is able to treat overlapping bands as a ‘‘single”, com-
plex band with scaled parameters [1,2,31]. Scaling equa-
tions for wide band parameters, as well as corresponding
algorithms for specific overlapping regions, are presented
in the following section.

2.4. Scaling algorithm

2.4.1. Scaling of narrow band parameters

Based upon the Malkmus narrow band model, Lacis
and Oinas [2] use the optically thin and optically thick con-
ditions to derive the pressure broadening parameter, B, and
the ratio between the line intensity and the line spacing, s,
as

s ¼
X

i

xisi ð3Þ
ffiffiffiffiffi
Bs
p

¼
X

i

ffiffiffiffiffiffiffiffiffiffiffi
xiBisi

p
ð4Þ

xi is the density fraction for species i,

xi ¼
qiP

i
qi

ð5Þ
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g1ðkÞ ¼
0 k < 1
1
2
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8><
>: g2ðkÞ ¼

0 k < e1=2

lnðkÞ � 1
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(b) two logarithmic functions that are separated widely from each other:

g1ðkÞ ¼
0 k < 10�2

1
2

ln k
10�2

� �
10�2

6 k 6 e2þln 10�2

1 k > e2þln 10�2
;

8>><
>>: g2ðkÞ : same as ðaÞ

(c) two cosinoidal functions:

g1ðkÞ ¼
0 k < 10
1
2

cos pk
990
þ 98p
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� 	
þ 1
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(d) one of the individual distributions being the Heaviside step function, and the other being generic.
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Alternative scaling methodologies are provided by Liu and
coworkers [31], assuming that the product of two Malkmus
bands is an approximate Malkmus band.
2.4.2. Scaling of wide band parameters
The exponential wide band model [32] is employed in the

present g(k) model, which assumes an exponential profile
of the line-intensity-to-spacing ratio in the band wings
away from the band center. For a symmetric band, this is
expressed as
s ¼ a
x

exp � 2 g� g0j j
x

� �
ð6Þ
where a is the integrated band intensity, and x is the band-
width parameter. Substituting Eq. (6) into Eqs. (3) and (4)
leads to

a
x

exp �2 g� g0j j
x

� �
¼
X

i

xiai

xi
exp �

2 g� g0;i

�� ��
xi

� �
ð7Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B

a
x

exp �2jg� g0j
x

� �s
¼
X

i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xiBi

ai

xi
exp �

2jg� g0;ij
xi

� �s

ð8Þ
The summation parameter i denotes all the participating
bands in a wide band interval. Integrating Eqs. (7) and (8)
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with respect to g across the entire spectrum (�1, +1)
yields two scaling equations for the wide band parameters,

a ¼
X

i

xi
ai

xi

Z þ1

�1
exp �

2jg� g0;ij
xi

� �
dðg� g0;iÞ ¼

X
i

xiai

ð9Þ
ffiffiffiffiffiffiffiffiffi
Bax
p

¼
X

i

ffiffiffiffiffiffiffiffiffiffiffiffiffi
xiBi

ai

xi

r Z þ1

�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
exp �

2jg� g0;ij
xi

� �s
dðg� g0;iÞ

¼
X

i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xiBiaixi

p
ð10Þ

The third equation is obtained by noting that the center
of the equivalent mixture band, g0, occurs at the maximum
strength of composite lines. For the 2.7 lm, 1.87 lm over-
lapping regions, the participating bands are approximated
as coincident, i.e., g0 = g0,1 = g0,2. Evaluation of Eq. (7) at
the band center generates the third equation as

a
x
¼
X

i

xiai

xi
ð11Þ

For the rotational overlapping region, the centers of the
individual bands are widely separately from each other. If
the pure rotational H2O band center g0,1, the 15.0 lm
CO2 band center g0,2, and the 10.4 lm CO2 band center
g0,3, are substituted into the RHS of Eq. (7), the following
three equations are obtained,

X ¼ x1a1

x1

þ x2a2

x2

exp �
2jg0;1 � g0;2j

x2

� �
þ x3a3

x3

exp �
2jg0;1 � g0;3j

x3

� �

Y ¼ x1a1

x1

exp �
2jg0;2 � g0;1j

x1

� �
þ x2a2

x2

þ x3a3

x3

exp �
2jg0;2 � g0;3j

x3

� �

Z ¼ x1a1

x1

exp �
2jg0;3 � g0;1j

x1

� �
þ x2a2

x2

exp �
2jg0;3 � g0;2j

x2

� �
þ x3a3

x3

ð12aÞ
Assuming that the maximum line-intensity-to-spacing ratio
for the equivalent rotational overlapping band is equal to
the maximum value among X, Y, Z, the third equation
for the rotational region is given by

a
x
¼ maxðX ; Y ; ZÞ ð12bÞ

Values for g0,1, g0,2, g0,3 are 140, 667, 960 cm�1, respec-
tively, taken from the latest version of Edwards’ exponen-
tial wide band model [30].

Denison and Fiveland develop a hybrid wide-band cor-
related-k weighted-sum-of-gray-gas model [33] for radia-
tive transfer in gas mixtures, where they adopt the same
formula developed by Edwards [32] in treating the pure
2.7 lm H2O band to evaluate the equivalent pressure
broadening parameter,ffiffiffiffiffiffi

Ba
p

¼
X

i

ffiffiffiffiffiffiffiffiffiffiffi
xiBiai

p
ð13Þ

They also propose a modified equation for the bandwidth
parameter to account for the separation of the individual
bands which applies to the 2.7 lm and the 1.87 lm overlap-
ping regions. After considerable numerical experimenta-
tion using the scaled parameters in Ref. [33] and these
obtained by (9)–(12), the present scaling equations are
found to be more accurate, due to the incorporation of
the bandwidth parameter in Eq. (10). While there is only
one bandwidth parameter provided by Edwards for the
2.7 lm H2O band, xi varies for different gases in a mixture.
Therefore, weighting the parameter B by the products of a
and x, rather than a only, more accurately scales the equiv-
alent overlapping band.

At this stage, the composite cumulative k-distribution
function for the three overlapping regions is described by
the single g(k) formulation [24,25,27] together with the
scaled parameters (Eqs. (9)–(11) or (12)), which will be
called the convoluted model in this study. While providing
accurate g-distributions for the rotational region and
the 1.87 lm region over a wide range of conditions, the
convoluted model is found to yield large errors for the
2.7 lm region when CO2 is dominant in the mixture
ðP CO2

=P H2O P 2Þ. Under such circumstances, the assump-
tion that the convoluted g(k) function for mixture retains
the same functional form as the individual gases is inaccu-
rate. To increase the accuracy of this overlapping model for
general conditions, an alternate model is developed to treat
the 2.7 lm overlapping band.

2.5. Enhanced model for the 2.7 lm overlapping band

For the 2.7 lm region, Fig. 1 shows that two broad
‘‘transparent” spectral intervals of CO2 exist in the H2O
band wings where the absorption coefficients of CO2 are
generally orders of magnitudes smaller than H2O. When
such k-variation in wavenumber is transformed into the
cumulative k-distribution, the behavior of the mixture
g(k) function for small absorption coefficients is dominated
by H2O over a wide range of mixing ratios. Fig. 3 presents
the g(k) functions obtained from line-by-line calculations
for single radiating gas of H2O, and for H2O–CO2 mixtures
at a total pressure of 1.0 atm. A temperature of 2000 K is
presented due to the importance of the 2.7 lm region at
this temperature. In the limiting case of vanishing H2O in
the mixture (1% by volume as shown in Fig. 3a), the g(k)
functions for mixtures corresponding to small absorption
coefficients (g < 0.45) are very similar to those for only
H2O. This similarity is valid for a wide range of mixing
ratios. As H2O increases, for example 10% in Fig. 3b, the
dominance of H2O is observed regardless of CO2 concen-
trations. For even higher concentrations of H2O as in
Fig. 3c, the contribution of CO2 is further reduced. The
mixture g(k) function retains approximately the same func-
tional form as for H2O. Results predicted by the convo-
luted model are also presented in Fig. 3. They are
accurate for H2O-rich conditions ðP H2O=P CO2

> 1Þ, yet
the model significantly over-estimates the absorption coef-
ficient for the small-to-medium g-domain when CO2 is
dominant in the mixture. On the other hand, the convo-
luted model accurately describes large k regions (g > 0.8)
in all conditions. Extending the narrow band argument
by Lacis and Oinas [2] to wide bands indicates that Eq.
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with different CO2. Partial pressures for H2O are: (a) P H2O ¼ 0:01 atm, (b) P H2O ¼ 0:1 atm, (c) P H2O ¼ 0:5 atm. The fine solid lines denote the benchmark
results by the line-by-line calculation [13–15]; the bold dashed lines represent the convoluted model; the bold solid lines represent the enhanced
interpolated model described by Eq. (14).
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(10), derived by integration of Eq. (4), implies strong line
intensity dependence for both gases. This requirement is
satisfied in the band center of the 2.7 lm region, but not
in the band wings where H2O is strongly absorbing and
CO2 is weakly absorbing. Therefore, the combined param-
eter B is accurate for large absorption, but overestimated
by the square root dependence in Eq. (10) for those absor-
ption coefficients corresponding to the small-to-medium
g-domain, resulting in the behavior of the convoluted
model shown in Fig. 3.

Based upon the above observations, an empirical piece-
wise function is proposed which divides the g-domain into
three subintervals and formulates the absorption coefficient
in terms of the cumulative distribution function for each
subinterval. The explicit expression of k(g) is developed
in Refs. [24,25]. For the small g-domain, 0 6 g 6 0.45,
the absorption coefficient is predicted by the k(g) function
for H2O, denoted as k1(g), i.e., using band parameters for
H2O as if CO2 in the mixture is replaced by the same
amount of N2. For the large g-domain, 0.8 6 g 6 1.0, the
convoluted model is employed and it is expressed as
k2(g). A semi-logarithmic interpolation between k1(g) and
k2(g) (linear on g and logarithmic on k) is used for the
absorption coefficient corresponding to the medium
g-domain, 0.45 < g < 0.8. Thus, the proposed piecewise
function is given by



Table 1
Summary of the wide band g(k) model

Division of infrared
spectrum between
10 and 8000 cm�1

10–1000 cm�1 1000–2600 cm�1 2600–4400 cm�1 4400–6000 cm�1 6000–8000 cm�1

Participating bands
H2O Pure rotational 6.3 lm 2.7 lm 1.87 lm 1.38 lm
CO2 15.0 lm 10.4 lm 9.4 lm 4.3a lm 2.7 lm 2.0 lm –

Description Partial overlap
(band centers
separated)

Non-overlapped
(treated as three
distinct, separate bands)

Overlapped
(band centers
coincident)

Overlapped
(band centers
coincident)

Single H2O band

g(k) Modelb Convoluted
model: single g(k)
formulation using
scaled parameters

Three single g(k) Interpolated
model: Eq. (14)

Convoluted
model: single g(k)
formulation using
scaled parameters

Single g(k)

Scaling algorithmc a ¼
P

i
xiai – a = ah a ¼

P
i

xiai a ¼
P

i
xiai –

x ¼ a
maxðX ;Y ;ZÞ

d k1: x = xh k2: x ¼ a
xhah
xh
þxcac

xc

x ¼ a
xhah
xh
þxcac

xcffiffiffiffiffiffiffiffiffi
axB
p

¼
P

i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xiaixiBi
p

B = Bh

ffiffiffiffiffiffiffiffiffi
axB
p

¼
P

i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xiaixiBi
p ffiffiffiffiffiffiffiffiffi

axB
p

¼
P

i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xiaixiBi
p

a Use the multiple band formulation developed in Ref. [27] for the 4.3 lm CO2 band.
b Refer to Refs. [24,25] or [27] for the single g(k) formulation and its analytical inversion k(g).
c In the scaling equations, the summation parameter i refers to all the participating bands in a specific overlapping region; the subscript ‘‘h”, ‘‘c” denotes

H2O, CO2 respectively.
d See Eq. (12a) for X, Y, Z.
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k ¼
k1ðgÞ; 0 6 g 6 0:45

k1 exp g�0:45
0:8�0:45

� 	
lnðk2

k1
Þ

h i
; 0:45 < g < 0:8

k2ðgÞ; 0:8 6 g 6 1:0

8>><
>>: ð14Þ

and termed the interpolated model. Performance of this en-
hanced model is illustrated in Fig. 3. As expected, both
models provide accurate results at rich-H2O conditions,
while the interpolated model is more accurate than the con-
voluted model in the small-to-medium g-domain when the
mixture is dominated by CO2.

Table 1 summarizes the treatments of the present g(k)
model, and provides equations for the wide band parame-
ters to be used in corresponding overlapping regions. Note
that the three participating bands in the 6.3 lm region are
considered as non-overlapping. Total radiative properties
for this region are the sum of the contributions from the
individual bands. Only a single H2O band exists in the
1.38 lm region. Thus, there are three combined bands
and four single bands to be treated in this wide band g(k)
model over the entire spectrum.
3. Model assessment

3.1. Mixture g(k) function and wide band absorptance

The improved wide band parameters for single H2O and
CO2 bands are developed for one atmospheric pressure and
500–2500 K. The present study indicates that these param-
eters can be extended to use with high accuracy for gas
mixtures up to 10.0 atm. Three pathlength ranges, 0.01–
0.1 m, 0.1–10 m, 10–100 m, are used in the analysis of the
wide band absorptance. The pathlengths between 0.1 and
10 m are of most concern in practice, being characteristic
of industrial combustors and boilers. Note that the
1.38 lm pure H2O region is excluded in the comparison
since the accuracy of the g(k) model for this single H2O
band has been discussed in the previous work [27]. Rather
than the 32-point Gaussian quadrature employed in Refs.
[24,25,27], a 12-point scheme has been found sufficient
for most radiative property calculations.

Table 2a–d present the root mean square errors of the
predicted absorption coefficients (RMSk) and the wide
band absorptance (RMSA) for different spectral regions
at the conditions specified in the tables. For combustion
applications, 10% H2O–10% CO2, 10% H2O–20% CO2,
and 20% H2O–10% CO2 are investigated, which are typical
compositions of stoichiometric products of hydrocarbon
fuels with different C/H ratios. Two limiting cases, 1%
H2O–90% CO2 and 90% H2O–1% CO2, are also examined
to explore the applicability of the g(k) model in extreme
conditions. The contribution of temperatures other than
the indicated range is small and thus not considered in
Table 2.

Table 2a presents the accuracy of the convoluted model
for the rotational region. It is observed that the model is in
good agreement with the line-by-line calculations, except
for gas mixtures containing vanishing H2O and highly-
dominant CO2 concentrations, where errors as high as
80% are possible. In addition, the RMSk values are rela-
tively large comparing with the other two overlapping
regions (Table 2c and d), above 30% in most condi-
tions. The main reasons for this result are as follows. First,
the pure rotational H2O band model suffers from the



Table 2
Root mean square errors of the predicted absorption coefficients (RMSk, %) and the wide band absorptance (RMSA, %), for (a) the rotational region, (b) the
6.3 lm region (RMSA only; RMSk inapplicable for this region), (c) the 2.7 lm region, (d) the 1.87 lm region

Pressure 1.0 atm 10.0 atm

Mole fraction (%) Temperature (K) RMSk (%) RMSA (%) RMSk (%) RMSA (%)

0.01–0.1 m 0.1–10 m 10–100 m 0.01–0.1 m 0.1–10 m 10–100 m

(a) Rotational region: (10, 1000) cm�1

xh = 10; xc = 10 500 33.3 5.3 8.2 3.6 50.7 22.6 11.1 1.7
1000 32.2 14.8 6.2 4.2 36.4 11.9 3.5 0.9
1500 52.7 12.9 15.3 5.8 33.5 4.1 5.6 0.7

xh = 10; xc = 20 500 20.8 5.1 2.1 2.7 42.4 17.1 5.8 1.0
1000 40.3 13.9 10.1 4.3 34.9 6.7 3.7 0.9
1500 43.9 8.8 12.0 4.3 27.9 4.3 3.7 0.7

xh = 20; xc = 10 500 39.3 3.9 11.4 4.0 53.4 24.2 11.4 1.8
1000 32.4 10.3 3.1 2.9 39.7 14.7 3.1 1.0
1500 37.6 12.6 9.3 3.9 31.9 5.7 3.9 0.9

xh = 1; xc = 90 500 76.2 14.6 40.6 56.7 78.5 47.6 60.9 52.3
1000 65.9 8.5 30.7 41.2 68.9 30.0 45.8 32.5
1500 55.6 3.7 21.2 27.3 59.2 17.6 32.8 17.0

xh = 90; xc = 1 500 28.0 8.0 6.5 1.5 51.2 16.9 9.9 1.1
1000 24.7 5.6 4.1 1.4 39.2 9.8 1.5 1.0
1500 24.3 3.1 3.7 1.0 32.5 5.2 1.3 1.0

Pressure 1.0 atm 10.0 atm

Mole fraction (%) Temperature (K) RMSA (%) RMSA (%)

0.01–0.1 m 0.1–10 m 10–100 m 0.01–0.1 m 0.1–10 m 10–100 m

(b) 6.3 lm region: (1000, 2600) cm�1

xh = 10; xc = 10 500 6.0 1.8 2.8 15.2 16.4 17.4
1000 1.2 2.8 13.6 6.5 9.7 31.2
1500 1.2 5.7 23.5 3.3 17.7 34.2
2000 2.5 6.7 27.1 1.3 20.6 35.5
2500 2.1 5.8 23.1 1.4 17.4 34.6

xh = 10; xc = 20 500 5.4 3.3 4.7 17.9 18.4 18.5
1000 1.8 2.4 13.2 7.7 10.5 32.1
1500 1.8 5.8 23.6 3.2 17.1 34.5
2000 3.1 6.8 28.1 1.9 20.6 35.5
2500 2.8 5.1 24.9 1.8 18.3 35.3

xh = 20; xc = 10 500 5.1 1.4 1.6 15.8 13.6 22.4
1000 1.1 3.3 19.7 6.9 13.7 32.8
1500 1.5 6.6 29.4 3.3 22.0 34.6
2000 2.4 7.8 31.6 1.0 23.8 35.4
2500 2.0 7.0 26.9 1.0 20.2 34.4

xh = 1; xc = 90 500 3.0 15.6 21.9 41.4 36.2 7.3
1000 1.0 5.2 9.2 18.7 21.9 15.8
1500 2.1 0.7 2.3 7.1 14.0 22.8
2000 3.4 1.9 3.8 5.0 9.2 24.7
2500 2.9 5.6 6.3 7.4 12.0 24.3

xh = 90; xc = 1 500 5.8 3.9 6.5 16.1 8.8 18.8
1000 3.7 7.0 22.7 8.2 15.3 26.9
1500 3.8 10.6 25.2 4.4 20.3 29.8
2000 4.8 11.7 24.5 2.3 20.8 30.8
2500 5.0 11.2 23.1 1.2 19.6 26.8

Pressure 1.0 atm 10.0 atm

Mole fraction (%) Temperature (K) RMSk (%) RMSA (%) RMSk (%) RMSA (%)

0.01–0.1 m 0.1–10 m 10–100 m 0.01–0.1 m 0.1–10 m 10–100 m

(c) 2.7 lm region: (2600, 4400) cm�1

(i) Convoluted model
xh = 10; xc = 10 1000 54.7 9.4 10.2 20.2 63.2 17.2 29.2 31.4

1500 21.1 11.0 2.5 2.6 32.1 5.1 11.0 7.4
2000 39.1 5.5 6.8 9.7 16.1 5.2 2.1 1.1
2500 59.6 2.5 11.8 15.4 30.2 12.8 8.7 2.8

(continued on next page)
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Table 2 (continued)

Pressure 1.0 atm 10.0 atm

Mole fraction (%) Temperature (K) RMSk (%) RMSA (%) RMSk (%) RMSA (%)

0.01–0.1 m 0.1–10 m 10–100 m 0.01–0.1 m 0.1–10 m 10–100 m

xh = 10; xc = 20 1000 64.8 10.8 17.4 29.0 71.5 22.4 37.6 40.9
1500 24.6 7.8 2.8 6.0 38.3 5.1 14.1 11.9
2000 54.1 1.3 10.7 12.0 23.1 9.8 5.0 0.9
2500 95.8 10.2 19.1 20.1 54.5 19.0 14.4 3.2

xh = 20; xc = 10 1000 41.0 6.0 7.0 13.0 51.6 16.4 21.6 17.6
1000 41.0 6.0 7.0 13.0 51.6 16.4 21.6 17.6
1500 21.7 10.8 2.2 0.6 26.1 7.3 7.7 2.2
2000 31.3 9.4 5.1 7.4 18.1 0.5 1.8 0.8
2500 38.7 3.8 7.8 10.1 21.6 6.8 4.4 1.3

xh = 1; xc = 90 1000 67.8 8.3 13.0 24.9 78.5 20.1 41.4 54.8
1500 280.3 3.5 24.3 30.1 146.8 10.6 16.9 14.7
2000 1696 17.9 59.7 82.3 756.8 35.8 61.3 14.1
2500 3342 29.1 82.1 106.3 1587 49.6 91.5 21.8

xh = 90; xc = 1 1000 16.3 3.2 1.1 3.5 19.9 8.3 1.9 0.1
1500 21.3 7.5 2.0 3.5 20.8 8.1 2.0 0.1
2000 23.3 11.1 3.1 2.9 21.8 6.8 2.4 0.1
2500 23.5 11.1 3.5 2.7 21.8 4.1 2.2 0.1

(ii) Interpolated model [(14)]
xh = 10; xc = 10 1000 26.6 8.9 7.3 6.0 31.2 13.4 11.8 4.0

1500 23.2 13.2 5.2 2.4 21.0 4.0 4.8 1.1
2000 22.8 12.4 5.4 2.5 19.2 0.9 3.1 1.9
2500 22.2 8.9 4.3 3.2 18.6 3.6 2.7 2.0

xh = 10; xc = 20 1000 32.3 10.1 13.5 9.5 42.4 18.8 17.0 5.6
1500 21.2 9.9 5.9 2.6 21.2 4.4 5.2 0.3
2000 18.8 7.4 3.7 2.4 17.3 3.0 2.4 1.6
2500 17.7 4.4 2.3 3.1 16.6 5.3 2.2 1.9

xh = 20; xc = 10 1000 23.4 5.9 4.4 2.5 23.7 12.3 6.8 1.9
1500 24.9 13.1 3.8 2.6 21.3 6.2 3.8 0.9
2000 25.5 14.9 5.3 3.7 21.5 2.7 3.4 1.2
2500 25.1 12.0 4.9 4.3 21.0 0.9 3.0 1.2

xh = 1; xc = 90 1000 60.3 8.4 13.9 23.5 75.1 20.1 37.4 33.2
1500 35.6 1.7 2.9 4.2 59.8 1.5 15.8 19.2
2000 52.3 0.0 5.8 5.2 77.4 4.7 9.4 11.6
2500 75.1 0.7 6.8 8.0 100.9 3.9 8.5 7.1

xh = 90; xc = 1 1000 16.5 3.3 1.5 3.3 19.5 8.1 1.5 0.1
1500 21.3 8.2 2.4 3.1 21.0 8.2 2.0 0.1
2000 23.6 12.1 3.6 2.6 22.0 7.1 2.4 0.1
2500 24.0 12.2 4.1 2.4 22.0 4.5 2.2 0.1

(d) 1.87 lm region: (4400, 6000) cm�1

xh = 10; xc = 10 1000 33.6 6.5 7.1 5.6 35.4 13.3 14.0 9.5
1500 28.0 8.8 5.9 3.2 26.8 7.6 8.4 3.1
2000 24.9 10.3 6.4 1.5 25.8 0.5 4.8 2.4
2500 21.8 8.1 5.6 0.6 27.2 5.2 4.0 2.3

xh = 10; xc = 20 1000 34.9 7.6 4.5 8.1 41.6 12.2 16.4 11.3
1500 29.3 9.7 5.1 4.6 33.7 5.5 10.2 4.4
2000 26.6 10.8 7.0 3.4 33.4 1.3 6.9 3.1
2500 23.4 8.1 5.9 3.0 33.9 5.6 5.7 2.7

xh = 20; xc = 10 1000 27.9 6.0 5.2 5.5 30.2 13.3 12.4 7.2
1500 24.2 8.3 4.7 1.8 23.3 8.4 7.3 1.2
2000 22.9 9.5 5.2 1.7 23.5 1.6 3.8 1.7
2500 20.8 7.5 4.5 1.7 26.2 4.6 2.4 1.7

xh = 1; xc = 90 1000 24.0 3.3 1.8 3.5 26.7 5.1 6.6 12.1
1500 19.5 1.8 1.7 1.5 16.6 7.3 3.3 2.4
2000 14.0 1.9 2.9 4.6 25.5 8.2 4.6 3.4
2500 19.1 5.7 6.6 9.0 28.1 0.4 7.0 6.7
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Table 2 (continued)

Pressure 1.0 atm 10.0 atm

Mole fraction (%) Temperature (K) RMSk (%) RMSA (%) RMSk (%) RMSA (%)

0.01–0.1 m 0.1–10 m 10–100 m 0.01–0.1 m 0.1–10 m 10–100 m

xh = 90; xc = 1 1000 17.0 9.2 4.2 1.4 26.2 13.6 9.5 4.7
1500 18.5 10.2 4.8 2.3 21.7 8.5 5.8 0.4
2000 19.0 9.4 5.2 3.0 22.6 2.8 4.1 0.7
2500 18.3 7.0 4.6 3.1 28.0 3.4 3.0 0.7

For a specified pressure, temperature, and mixture composition, RMSk is calculated corresponding to g > 0.2, and RMSA is obtained by averaging errors over
three pathlength ranges, 0.01–0.1 m, 0.1–10 m, 10–100 m, representative of small, medium and large optical depths, respectively.
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inaccurate assumption of a fully symmetric wideband and
decaying to zero in both wings since the upper wavenumber
portion (140–1000 cm�1) is much wider than the lower
wavenumber portion (10–140 cm�1). Second, the combined
k-variation for this region cannot be approximated as
exponential since the 15.0 lm, 10.4 lm CO2 bands are
located in the pure rotational H2O band wings to band tails
(see Fig. 1). Therefore, use of the spectral form of the expo-
nential wide band model, Eq. (6), does not accurately rep-
resent the actual k-variation of gas mixture and introduces
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Fig. 4. Cumulative k-distribution function of different overlapping regions for
pressures of 1.0, 10.0 atm: (a) the rotational region, (0, 1000) cm�1, at 500 K; (
(4400, 6000) cm�1, at 2500 K. The fine lines represent the benchmark results by
band g(k) model as described in Table 1.
error to the predicted g(k) function. On the other hand, the
proposed model provides satisfactory results for the band
absorptance, with RMSA typically below 15% except as
noted above. The accuracy typically increases for larger
optical thickness.

Table 2b presents the accuracy of the predicted band
absorptance for the 6.3 lm region, which simply sums the
single band absorptance of the 6.3 lm H2O band, and
the 9.4 lm and 4.3 lm CO2 bands. The multiple band for-
mulation developed in Ref. [27] for the 4.3 lm CO2 band is
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10%H2O-20%CO2

10-8 10-7 10-6 10-5 10-4 10-3 10-2 10-1 100 101 102

k, cm-1

0.0

0.2

0.4

0.6

0.8

1.0

0.0

0.2

0.4

0.6

0.8

1.0

0.0

0.2

0.4

0.6

0.8

1.0

g(
k)

g(
k)

g(
k)

(a) Rotational Region
T=500K

P=1.0 atm

P=10.0 atm

(b) 2.7 μm Region
T=1500 K

II

II

II

20% H2O–10% CO2 (I) and 10% H2O–20% CO2 (II) gas mixtures at total
b) the 2.7 lm region, (2600, 4400) cm�1, at 1500 K; (c) the 1.87 lm region,
the line-by-line calculation [13–15]; the bold lines are generated by the wide
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employed. Table 2b shows good agreement with bench-
mark calculations. For ambient pressure and small-to-med-
ium pathlengths which are most common in applications,
the RMSA values are generally lower than 10%. The accu-
racy decreases at higher pressures and larger pathlengths
since the ‘‘non-overlapping” assumption becomes less
accurate as the optical thickness increases. However, the
g(k) model can be used within 22% accuracy up to
10.0 atm for small-to-medium pathlengths with a few
exceptions at high pressures. Large errors greater than
30% are observed for large pathlengths and high pressures.
Under those circumstances, the effect of overlapping,
mainly due to the interaction between the 6.3 lm H2O
band and the 4.3 lm CO2 bands, should be included.

Table 2c presents the accuracy of the prediction on the
2.7 lm region, produced by the convoluted model and
the enhanced interpolated model. While the convoluted
model is generally less accurate than the interpolated
model, results by both models are in reasonable agreement
with benchmark calculations for H2O-rich conditions. As
aforementioned, significant errors occur for the convoluted
model for gas mixtures dominated by CO2. In the extreme
conditions where the gas mixture is composed by consider-
able CO2 and only a small quantity of H2O, the absorption
coefficients are over-estimated significantly. This is
explained by the prediction of the convoluted model in
the small-to-medium g-domain as illustrated in Fig. 3. Sim-
ilar errors are observed for the interpolated model. Aside
from the specified limiting compositions which are actually
rare as combustion products, this enhanced model provides
accurate results on the mixture g(k) function and the band
absorptance. The RMSk values typically ranges between
16% and 26%. Larger errors, in the range of 30–40%, occur
at 1000 K where the 2.7 lm region is less important. The
RMSA values are below 15% with very few exceptions,
and are under 10% for most conditions higher than
1000 K. Due to its accuracy, the interpolated model is
employed in the calculation of total radiative properties
in the study.

Finally, the usefulness of the convoluted model for the
1.87 lm region is presented in Table 2d, which is accurate
throughout the entire domain. The RMS errors of the pre-
dicted g(k) function are typically less than 30%. Noticeable
errors as high as 42% arise at 1000 K where the 1.87 lm
region is less important than the 2.7 lm region. Accord-
ingly, prediction on the band absorptance is excellent, with
RMSA only few percent in most cases and the maximum
value less than 17% when compared to the line-by-line
results.

Fig. 4 illustrates the cumulative distribution functions of
the rotational, 2.7 lm, and 1.87 lm overlapping regions for
gas mixtures with typical combustion compositions,
obtained from line-by-line calculations and the proposed
model described in Table 1. Consistent with the single band
model [27], the overlapping model demonstrates good
agreement with the benchmark results for large domains
of the cumulative distribution function. Differences mainly
occur for small values of the absorption coefficient that are
of less importance in many engineering applications. Addi-
tionally, the small absorption coefficients originate pre-
dominately from the band wings which are not accurately
modeled, particularly for high temperatures. From Table
2a, the rotational overlapping model generates relatively
large errors as compared to the other two regions. It is also
noted that the convoluted model loses accuracy in the
1.87 lm region at high pressures since the 2.0 lm CO2 band
is better represented as a multiple band characterized by
the presence of distinct and independent rotational–vibra-
tional transitions [26].

3.2. Total emissivity

In the present study, total emissivity calculations are
performed for isothermal and homogeneous gas columns
to assess the accuracy of the g(k) model. The block approx-
imation [32] is employed, in which the total emissivity is
determined by

e ¼
X

i;Band
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Dgi
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T
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� f

T
gup;i

 !" #
ð15Þ

where the summation parameter i denotes all the seven
bands in the full spectrum, including three combined
bands, three individual bands in the 6.3 lm region, and
one pure H2O band in the 1.38 lm region (see Table 1). f

is the blackbody fractional function evaluated by the con-
venient series expansion [34]. Values of the lower limit glow,
the upper limit gup and the corresponding spectral interval
Dg (i.e. gup � glow) for a particular band, as well as the cal-
culation on the band absorptance Ai, are all provided in
Ref. [27].

Table 3 presents the root mean square errors of the pre-
dicted total emissivity (RMSe) at the indicated conditions.
Note that the RMSe values are below 10% for a wide range
of conditions, comparable to the accuracy of narrow band
models. Significant errors occur in two situations. First, for
low temperatures (�500 K), small pathlengths (0.01–
0.1 m), and low pressures (ambient or few atmospheric
pressures), errors between 20% and 40% are observed due
to the poor prediction on the rotational region. For this
special spectral interval, neither the block approximation
nor the band approximation is accurate in computing the
emissivity [35]. In addition, notable errors up to 47% occur
for the extreme compositions with vanishing H2O and
dominant CO2 at low temperatures. This is anticipated
due to less accuracy of the g(k) model in calculating the
band absorptance. However, gas conditions in both situa-
tions are less important in practical combustion
applications.

Fig. 5 shows the total emissivity of gas mixture contain-
ing 20% H2O–10% CO2 at 1.0 atm, considered as typical
for the combustion of hydrocarbon fuels. Results predicted
by the ‘‘7-point Gauss–Lobatto” statistical narrow-band
correlated-k model (SNBCK-7) [6], the exponential wide



Table 3
Root mean square errors of the total emissivity (RMSe, %) for isothermal and homogeneous gas mixtures

Pressure 1.0 atm 10.0 atm

Mole fraction (%) Temperature (K) RMS� (%) RMS� (%)

0.01–0.1 m 0.1–10 m 10–100 m 0.01–0.1 m 0.1–10 m 10–100 m

xh = 10; xc = 10 500 27.8 8.6 1.0 8.9 10.8 6.7
1000 7.1 6.8 8.4 2.2 4.4 13.2
1500 1.5 6.0 9.5 1.1 5.9 8.6
2000 1.4 3.0 7.4 1.5 4.4 3.3
2500 1.6 2.3 5.1 2.8 3.6 2.4

xh = 10; xc = 20 500 21.6 8.4 0.4 8.1 10.2 7.1
1000 5.3 4.8 6.6 3.8 4.8 12.8
1500 1.5 4.2 8.2 0.3 4.3 7.8
2000 1.3 2.5 6.4 1.2 3.5 2.6
2500 1.4 2.0 4.3 2.4 3.2 2.4

xh = 20; xc = 10 500 27.7 6.4 0.9 11.4 10.2 9.4
1000 9.6 7.0 12.1 2.7 6.8 14.7
1500 2.9 6.7 11.1 0.8 7.4 8.2
2000 1.1 3.9 7.4 1.6 4.6 2.3
2500 1.3 2.8 4.3 3.4 3.0 4.6

xh = 1; xc = 90 500 14.1 28.5 37.8 42.5 47.4 27.5
1000 5.2 12.6 17.4 21.1 29.3 12.1
1500 3.0 4.4 6.2 7.2 14.6 7.4
2000 4.2 4.2 3.2 3.5 7.6 6.4
2500 3.6 3.8 1.9 2.7 4.6 6.4

xh = 90; xc = 1 500 20.9 3.8 0.5 10.1 10.8 8.2
1000 10.6 7.6 14.3 2.5 8.5 12.2
1500 5.1 6.0 8.7 1.2 6.8 5.3
2000 0.9 2.9 2.8 0.3 2.9 3.1
2500 1.2 1.1 2.5 2.4 2.6 10.2

For a specified pressure, temperature, and composition, the errors produced by the g(k) model are averaged over three ranges of pathlengths, 0.01–0.1 m,
0.1–10 m, 10–100 m, representative of small, medium and large optical depth, respectively.
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Fig. 5. Total emissivity of 20% H2O–10% CO2 isothermal and homogeneous gas mixture at 1.0 atm, for varying temperatures and pathlengths. Results
predicted by the ‘‘7-point Gauss–Lobatto” statistical narrow-band correlated-k model (SNBCK-7) [6], the exponential wide band model (EWB) [32], and
the present wide band g(k) model as described in Table 1 are presented and compared with the line-by-line calculation [13–15].
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band model (EWB) [32], and the wide band g(k) model are
presented and compared with the line-by-line calculations
[13–15]. The g(k) model is observed to be in excellent agree-
ment with the line-by-line calculation except at low temper-
atures (<800 K) and small pathlengths. Otherwise, the
model is comparable to the statistical narrow-band model,
and outperforms the associated exponential wide band
model for most cases.
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3.3. Computational efficiency

The computational efficiency of g(k) methods is deter-
mined by three factors: (i) evaluation of the absorption
coefficient from the cumulative distribution function; (ii)
quadrature scheme; and (iii) number of spectral intervals.
The absorption coefficients in the SNBCK model are gen-
erally obtained iteratively, using, for example, the New-
ton–Raphson method. Such a numerical inversion of the
cumulative distribution function consumes a significant
portion of the total computing time [7]. Since the current
g(k) model is analytically invertable, it provides an explicit
expression for the absorption coefficient in terms of the
cumulative distribution function. The only exception is
the multiple band formulation for the 4.3 lm CO2 band
which requires numerical inversion. Along a single line-
of-sight, the number of RTE evaluations for the entire
spectrum is equal to the product of the number of quadra-
ture points and the number of spectral bands. There are
367 narrow bands for H2O, and 96 narrow bands for
CO2 which are all overlapping with H2O bands in the
EM2C database [5]. Therefore, if the SNBCK-7 model is
employed, the RTE has to be evaluated 2569 times for
H2O and 672 times for CO2. In case of H2O–CO2 mixtures,
the computing time increases quadratically with the quad-
rature points for overlapping bands if the spectra of the
two absorbing gases are assumed to be completely uncorre-
lated. This makes the SNBCK model very slow in handling
overlapping absorption. On the other hand, the wide band
g(k) model involves only five important rotational–vibra-
tional bands for H2O, and six for CO2. By treating the
overlapping band as a ‘‘single”, complex band, the model
introduces little additional computational burden as com-
pared to one absorbing gas. Hence, using the proposed
g(k) model together with a 12-point Gaussian quadrature
scheme, the number of evaluations is reduced by a factor
of approximately 102 for a mixture.
4. Conclusions

An accurate and computationally efficient wide band
g(k) model is presented in this study on overlapping
absorption in H2O–CO2 gas mixtures, for use in the tem-
perature range 500–2500 K, and total pressures from
1.0 atm up to 10.0 atm. The entire infrared spectrum is
divided into five spectral regions and maintained constant
in all conditions, including three overlapping regions, one
non-overlapping region and one pure H2O region. Assum-
ing that the convoluted g(k) function for gas mixture
retains the same functional form as the individual gases,
the model treats overlapping bands as a ‘‘single”, complex
band with scaled wide band parameters. An empirical
interpolated formulation is proposed to improve the pre-
diction for the 2.7 lm region based upon the observation
of real g-distributions. The accuracy of the predicted
g(k) function, band absorptance, and the total emissivity
is provided for isothermal and homogeneous gas columns
in typical combustion environments, as well as other lim-
iting situations. The results show that the g(k) model is
generally more accurate than the exponential wide band
model and yields comparable accuracy to narrow band
models in typical combustion conditions. Relatively large
errors between 20% and 40% occur at low temperatures
around 500 K and small pathlengths in the range 0.01–
0.1 m. Note that this error is of the same order as the ori-
ginal exponential wide band model. Large errors up to
50% arise for the limiting conditions where the tempera-
ture is relatively low (<1000 K) and the gas mixture is
dominated by CO2. Extensive calculations indicate that
the model can be used for mole fractions of H2O greater
than a few percent in the mixture. Compared to the
SNBCK model, the g(k) model significantly reduces the
computational requirements.
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